Within the heavy baryon chiral perturbation theory approach, we have studied the leading logarithm behaviour of the nucleon mass up to four-loop order exactly and we present some results up to six-loop order as well as an all-order conjecture. The same methods allow to calculate the main logarithm multiplying the terms with fractional powers of the quark mass. We calculate thus the coefficients of m 2n+1 log (n−1) (µ 2 /m 2 ) and m 2n+2 log n (µ 2 /m 2 ), with m the lowest-order pion mass. A side result is the leading divergence for a general heavy baryon loop integral.
Introduction
The calculation of high order terms in low-energy effective field theories (EFTs) is a difficult task. Nowadays, most interesting observables have been calculated at the second order of the expansion, and the difficulty of these calculation shows little hope for any further expansion. The main problem which restricts the potential of EFTs is their nonrenormalizability. The non-renormalizability does not bring any problem, in principle, for the calculation by means of counting schemes for EFTs, first introduced in [1] . However, the rapidly increasing number of low-energy coupling constants (LECs), makes very high order applications practically of little use in general.
Nevertheless, there are contributions of the higher order terms which are free from higher order LECs. In particular this is true for the leading logarithmical (LLog) contributions. LLogs are not in general dominant for a generic observable. However, for some observables the LLog contribution is dominant. Examples of such observables are the generalized parton distributions at small-x [2, 3] and certain ππ scattering lengths [4] . In addition, the LLog terms are of great theoretical interest because they allows us to judge about the behaviour of a whole series of corrections in EFTs. We therefore consider the calculation of LLog terms in EFTs as an interesting and useful task.
In renormalizable field theories the LLog terms can be calculated to all orders using the renormalization group (RG) and (simple) one-loop calculations of the beta functions. In EFTs, as e.g. Chiral Perturbation Theory (ChPT), they can also be calculated using one-loop calculations as was suggested already in [1] , and proven in [5] . In contrast to renormalizable theories, in EFTs the LLog terms cannot be obtained simultaneously for all orders, and every order of the perturbative expansion requires additional calculation. However, the evaluation of LLog terms is considerably simpler than a full calculation. As an example, the full two-loop leading logarithms in bosonic ChPT were known long before the full results [6] .
Within bosonic EFTs the LLogs have been studied extensively. It has been shown that for EFTs with massless particles the LLog behaviour is described by a closed set of equations with known kernels, which were elaborated in [7, 8, 9, 10] . Although, the analytical solution of these equations is not known, one can generate numerically the first few hundreds coefficients rather fast, and use the approximate numerical solution in applications. An example is the exploration of the "chiral inflation" of the pion radius within ChPT [11] . Taking into account the mass of the fields allows for non-zero tadpole diagrams, which leads to an rapidly increasing number of equations with the chiral order since one has to consider one-loop diagrams with an ever increasing number of external legs. Therefore, one needs to incorporate new processes at every order. As a result, the difficulty of the calculation grows extremely fast with the chiral order. By automatizing the procedure for a large number of processes the LLogs are known up to seven loops for some quantities [12, 13, 14, 15] .
The main goal of this paper is to generalize the methods used for bosonic EFTs with masses to the nucleon case. As mentioned earlier, it is not only interesting from the theoretical side, but also necessary for the evaluation of nucleon parton distributions at x ∼ m π /M N [3, 16] . In the paper we present the extension of the RG method of [5] to nucleon-pion ChPT. With its help we calculate the LLog coefficients for the chiral expansion of the nucleon mass in the heavy-baryon formulation of ChPT. The main results are presented in the Sects. 6.3 and 6.4. An earlier application of LLogs in the nucleon sector was the calculation of the two-loop LLog contribution to the axial nucleon coupling constant g A [17] .
The paper is organized as follows: In Sect. 2 we introduce the concept of renormalization group order (RGO). This is needed since in the nucleon sector p-counting and loop counting are not identical. Sect. 3 shows how the RGO concept works in the meson sector and quotes some known results. Sect. 4 introduces the heavy baryon ChPT Lagrangian in its two most common variants and the different meson parametrizations we have used as a check on our result. Sect. 5 shows how the RGO can be used to prove the calculation of the leading logarithms using only one-loop diagrams also in the nucleon sector. This is then used to calculate the LLogs for the nucleon mass in Sect. 6. Some technicalities are discussed in Sects. 6.1 and 6.2. We then calculate the LLogs for the nucleon mass as well as the odd-power next-to-leading logarithms (NLLogs) in Sect. 6.3 up to four respectively five loops. The observed regularity in the leading logarithm allows to also calculate the five loop result with a mild assumption. The LLogs, then essentially known to five loops, show a remarkable regularity when rewritten in the physical pion mass. We conjecture that this regularity holds to all orders and in that case using the known results for the pion LLogs we have a result for the nucleon mass LLogs up to 7 loops. This is described in Sect. 6.4. A short numerical discussion of our results is given in Sect. 6.5. We summarize our conclusions in Sect. 7. The LLogs for a general heavy baryon one-loop integral are discussed in App. A.
Renormalization group and order

Renormalization group operator
In this section we present a short, hopefully self-contained, introduction to the renormalization group approach in EFTs. Our main goal is to present the method of obtaining the dependence of observables on the renormalization or subtraction scale (µ). The material is presented in a form transparent for the application at higher orders. More extensive discussions can be found in [5, 12, 18] . In particular, what we call LLogs is the contribution with the highest power of log µ at a given order of the expansion.
To start with, we remind the reader that the Lagrangian of an EFT is the most general Lagrangian satisfying given symmetry properties with a given set of degrees of freedom or fields. Such a Lagrangian contains an infinite number of terms. In the absence of additional restrictions, every independent operator is multiplied by an unknown coupling constant, usually called low-energy constant (LEC).
It is convenient to multiply every operator by the counting parameter to the power which reflects the minimal order of the perturbative expansion the operator contributes to.
In this way, the constant resembles the coupling constant in a renormalizable field theory as a way to keep track of (loop) orders in the expansion. Therefore, an EFT Lagrangian takes the form
The Lagrangian L (n) we call the Lagrangian of n'th -order 3 and its LECs are consequently called LECs of n'th -order. Let us, following [12] , denote LECs of n'th -order as c (n) i , where the index i enumerates independent operators. In this way, the n'th -order Lagrangian reads
For some low-energy EFTs, like mesonic ChPT, the -ordering of operators is in one-to-one correspondence with the chiral ordering. However, the definition (1) is more general. It can be applied to any EFT, and, even, to renormalizable theories, some examples can be found in [5, 18] . We should mention that there is no unique definition of the -ordering for a theory. The only constraint is that the -order of an operator should increase with increasing perturbative order. The choice made is for EFTs often referred to as the choice of power counting. The bare Lagrangian is now split into a part with renormalized couplings c (n)
i , which depend on µ, and the counterterms. The renormalization scale independence of the Lagrangian leads to the set of RG equations for the LECs c i . These equations are of the form
where the beta-function is a polynomial in the LECs and we have indicated explicitly the µ-dependence. An important point, used later, is that the right-hand side of (3) contains only combinations of LECs with total -order strictly less then n.
The general formal solution of the system of equations (3) is
This defines alsoR. The operatorĤ is defined aŝ
The derivative in (5) is defined by
such thatĤ
With the help ofĤ orR, one can obtain the coefficients of the LLog for any observable, without actual calculation of loop diagrams, if the beta-functions are already known. We will demonstrate this explicitly in the next sections.
Renormalization group order
The crucial property of the operatorĤ is that the repetitive action ofĤ nullifies any given LEC (or products of LECs). This is the direct consequence of two features of -counting. The first one is that the lowest order couplings, with -order equal to zero, have zero betafunction, and thereforeĤc i , as defined in (3), contains only products of couplings with with total -order lower then n. Thus, every application of the operatorĤ onto a product of LECs lowers the total -order of that product, until it becomes zero.
For future convenience we introduce the concept of renormalization group order (RGO). A product P c of LECs has RGO g if
For a generic 4 quantity with a tree level contribution of -order n, the RGO is the same as the maximum loop order that can appear when calculating that quantity to n . In the bosonic EFTs treated in the earlier works, e.g. [7, 12, 13, 14] , there is a one-to-one correspondence between -order and RGO, namely g = n. Therefore, the notion of RGO is unnecessary and was not used in these works. However, such a relation does not hold in general, i.e. LECs of different -order can have the same RGO. For example, in the nucleon ChPT, the -counting as is related to RGO as g = [n/2], where [x] indicates the integer part of x (see detailed discussion in Sec. 5). In such a case the use of the RGO concept is convenient.
It is natural to split the beta-function into terms with the same RGO. For the betafunction of a coupling constant c
with RGO g we can write
4 We will use this term below to indicate that there are exceptions where the beta-functions are zero "accidentally." An example of this is the constant L contains contributions from one and two-loop diagrams and so on. Thus, the expression for the operatorĤ can be ordered by RGO aŝ
H p contains the beta-functions β (n,g−p) of the coupling constants c (n) i of RGO g. As a consequence, acting withĤ p on an expression reduces its RGO by p.
LLog in mesonic ChPT
In mesonic ChPT the choice of -counting versus chiral p-counting relates both as n ∼ O(p 2n+2 ). The lowest order Lagrangian is of the second chiral order and reads
where we use the standard notation
Here and though the text, F is the bare pion decay constant and m is the bare pion mass, m 2 = 2Bm in the notation of [19] . u contains the meson fields as given below. The next order Lagrangian L (1) is of fourth chiral order. The absence of odd chiral order Lagrangians is guaranteed by Lorentz invariance.
In mesonic ChPT, the generic RGO of a LEC c (n) is equal to n. The one-to-one correspondence between generic RGO and the -order is the result of the absence of oddchiral-order Lagrangians. Any product of LECs is also in one-to-one correspondence with its generic RGO, which is equal to the sum of the LECs' -orders. That, in turn, results in the simple ordering of beta-functions: the beta-function β (n,n−l) contains only l-loop beta functions.
As an example of using the operatorĤ of (5) to obtain the LLog, we look at the physical pion mass. In order to obtain the physical pion mass one should solve the equation
is a series of perturbative corrections to the pion propagator. The expression for Σ π has the general form
where Σ (n) is a dimensionless expression of maximum -order n. The first argument of Σ (n) π appears only as the argument of logarithms. We have suppressed the arguments 5 We write here only the terms relevant for the mass and neglect external fields.
can also enter the arguments of logarithms, moreover there can be logarithms of more complicated expressions of it. Such logarithms are not RG logarithms, and can not in general be obtained by any procedure based on RG.
The expression for Σ π is renormalization scale independent 6 . Moreover, it is renormalization scale invariant at every chiral order independently:
Therefore, we again have as solution, similar to (4),
Choosing
on the right-hand-side. Thus, all RG logarithms are collected in the action of the operatorR.
The expression for Σ (n) π has the following form
+ terms with lower RGO,
where {c
form the tree contribution to Σ (n) . The symbol {c
denotes here the products of c (m) j with the highest possible RGO for the product. The V
The highest power of the RG logarithm log µ 2 in the expression (15) accompanies the highest power ofĤ, inR = exp(log(µ 2 /µ 0 )Ĥ) which gives a non-zero result acting on Σ (n) . Since every action ofĤ reduces the RGO of expression, the coefficient of the LLog is
where NLLog is the the acronym for the next-to-leading logarithms, and hence O(NLLog) denotes the part of expression without LLog. Therefore, constructing the higher chiral order Lagrangians, and calculating the oneloop beta-functions of their LECs, one can obtain the LL coefficients without actual calculation of multi-loop diagrams. Moreover, the result is independent on the details of the higher order Lagrangians, as long as they are sufficiently general for the process at hand [12] . Practically it is convenient to use a non-minimal Lagrangian generated "on-the-fly" by the counterterms to one-loop diagrams only. This was the approach used in [12, 13, 14, 15] for the mesonic theory for several processes.
The solution of the pole equation gives us the expression for the physical pion mass to LLog accuracy. It is known up to sixth power of logarithms [14] and reads
where
Heavy baryon Lagrangian
The nucleon-meson ChPT in the naive form has the problem of the large nucleon mass M.
There are several ways of dealing with the presence of this large scale, each with advantages and disadvantages. In this article, we use the heavy baryon approach to meson-nucleon ChPT since in this approach all scales that explicitly appear are soft and there are no divergences nor µ-dependence associated directly with the scale M.
For the LLog calculation, we have to determine the Lagrangians of zero RGO. For the pion-nucleon system, these are Lagrangians of the first and the second chiral orders. The first chiral order Lagrangian, neglecting terms with external fields, reads
where S µ is a spin vector. We use the standard notation for the field combinations (see also the definitions in (12)):
The second order Lagrangian is sensitive to redefinitions of the nucleon field. The most standard form of the second chiral order heavy baryon Lagrangian reads [20, 21] 
A different but equivalent version of the second order chiral Lagrangian is given in [22] , and it reads
The relation between the LECs A i and c i is the following
Although the S-matrix elements are independent of the parametrization of the nucleon field, the contributions of individual diagrams, and expressions for the beta-functions are dependent on the field parametrization. Therefore, the comparison of results for calculations performed in different parameterizations is a very strong check of a calculation. The calculations presented in the next sections have been done in both parametrizations of the nucleon field. Additionally for further cross-checks, we used different parameterizations of the pion field u. We have used
and
5 LLog in nucleon-meson ChPT: general comments
The consideration of the LLog behavior of nucleon-meson systems is similar to meson systems, but with some additional features. The main additional feature of meson-nucleon systems is the presence of operators with odd number of derivatives. Therefore, the relation between -order and chiral order is n ∼ O(p n−1 ) for the single-nucleon sector of the ChPT Lagrangian, and n ∼ O(p n−2 ) for the meson sector of EFT Lagrangian. At the same time, every loop increases the chiral order by at least two. Therefore, the RGO is not in the one-to-one correspondence with -order. A LEC of n'th -order c (n) has generically an RGO n 2 . This has important consequences in the RG and LLog structure of the theory. The first consequence is the contribution of the diagrams with different RGO to the same chiral order. Indeed, a loop diagram with several vertices of even chiral order (i.e. odd order) has an RGO less then a diagram with the same chiral order but with fewer even-chiral-order vertices. An example of diagrams with the same chiral order but different RGO is shown in Fig. 1 . Using the relation between chiral order and RGO, one can see that every two even-chiral-order vertices reduces the RGO of a diagram by one, from the possible maximum. For example: any diagram with two even-chiral-order vertices with certain RGOs, there exists diagrams of the same chiral order and of the same topology, but with these two vertices replaced by odd-chiral-order vertices, one with a chiral order one lower and one chiral-order one higher. The lower chiral order has the same generic RGO as the even vertex but the higher chiral order vertex has generic RGO one higher. The latter diagram has thus a higher RGO. We conclude that at the given chiral order the highest RGO contribution is given by the diagrams with zero or one vertex of even chiral order.
The second consequence is the ambiguity of the definition of a leading logarithm. The natural definition of LLogs, the logarithm of a maximum power of log µ 2 at a given chiral order, does not always coincides with the RG definition for the same observable. In Sect. 6 we will show that in the chiral expansion of the physical nucleon mass, the LLog terms of odd chiral order are actually of NLLog origin when seen from an RGO perspective.
6 Nucleon mass at LLog accuracy
Propagator at LLog accuracy
The physical mass of the nucleon is given by the position of pole in the Dyson propagator. In the heavy baryon approach the inverse Dyson propagator reads (we remind the reader that superscripts n refer to the -order of quantities, and that the meson and meson-nucleon sectors of the action have different chiral counting)
where r µ = p µ − Mv µ , p is the momentum of the nucleon, and v µ is the reference four velocity of the heavy nucleon. There are some intricacies of defining the propagator and renormalization of the nucleon wave function in heavy baryon theory, see e.g. [22, 23] . However for the determination of the nucleon mass the straightforward usage of (28) is sufficient.
The expressions for Σ (n) are the result of the calculation of one-particle irreducible diagrams with a nucleon line at the (n + 1)'th chiral order. The maximum power of the logarithm log µ 2 which can appear in Σ (n) is n 2 . The derivation of the LLog coefficient is the same as the derivation of expression (17) . We collect all the RG-logarithms by the action of the normalization point rescaling operator R, again suppressing the other arguments of Σ (n) ,
The highest RGO in Σ (n) has the tree diagram with only a c (n) i vertex, therefore, the LLog coefficient is given by . While the first are given by tree diagrams, the second are given by one-loop diagrams:
where the V i are the expressions for the tree level diagrams and W indicates the expressions for the one-loop diagrams at a fixed renormalization scale. The dots represents the contributions with lower RGO. We note that W contains only one-loop diagrams with RGO equals to
, but not all possible one-loop diagrams. The NLLog coefficient is given by
whereĤ 2 contains two-loop beta-functions in addition to one-loop beta-functions. The expressions given by the different terms on the right-hand-side in (32) have significantly different properties. The first term of (32) gives the contribution to NLLogs with LECs from the next-to-leading chiral Lagrangian. These terms are LLog terms of ([n/2] − 1)-loop diagrams with insertion of higher order vertices. The second line of (32) gives the "true" NLLog contribution with LECs of the lowest order Lagrangian only. These are the NLLog terms of [n/2]-loop diagrams. The third line represents the non-analytical contribution of [n/2]-loop diagrams to the NLLog coefficient. We should mention that the part of NLLog coefficient given by the second line is renormalization-scheme-dependent, while the parts given by the first and the third lines are scheme-independent.
If the quantity has no tree-order contribution, the only non-zero part of (32) is the last line. In this case the NLLog can be calculated from one-loop diagrams only. An example of such behavior are the non-analytic in quark mass terms. These terms result only from the loops and therefore, can be calculated their contribution to NLLog can be calculated with one-loop diagrams only. The methods of [12] can also be used to prove this. The absence of the tree level contribution allows the NLLog to be determined from the set of equations relating the different loop-order contributions.
Pole equation at LLog accuracy
In this section we discuss the properties of solution of the pole equation at LLog accuracy. From the previous discussion it follows that it is also valid for the NLLog multiplied by a nonanalytic power of the quark mass.
The position of the pole in the propagator (28) is a Lorentz invariant quantity, when evaluated to all orders in the expansion. Therefore, one can choose 7 r µ or p µ such that r 2 = (r · v) 2 . Then, ω = (r · v) gives the difference between the physical mass and the bare mass, (r · v) = δM = M phys − M. In this regime we can expand the expression for Σ (n) in powers of δM
where the coefficients σ (i,j) contain logarithms. The coefficients σ k,n−k have mass-dimension (1 − n).
The solution of the pole equation
where again the a i contain logarithms. Inserting the expansions (34) and (33) into the Dyson propagator (28), and considering the pole equation for every power of m independently, we obtain a system of equations for the coefficients a n , a n + {i},j n−2
where summation runs over all possible sets of indices including empty set and permutations. Let us consider the system of equations (35) in the LLog regime. We recall that the power of the LLog is n 2 for Σ (n) . However, the coefficients a n have different logarithmical counting. The reason is the presence of terms non-analytical in quark masses. The Lagrangian of ChPT is necessarily analytical in the quark masses, i.e. it contains only even powers of m. The terms non-analytic in quark masses appear only through loop-integrals, and, therefore, they can not appear in the expression (30) or in the first two lines of the expression (32). In this way, the number of logarithms in front of the pion mass in the odd power is suppressed by one (at least). Summarizing, we obtain the following LLog counting for the coefficients a and σ a n ∼ log
Using the counting (36) we neglect the NLLog terms in the equations (35) and obtain the system of equations in the LLog regime a n + σ 0,n + n−2 k=2,4,..
a n + σ 0,n + a n−1 σ 1,1 + n−2 k=3,5,..
This is a system of linear equations. The important result is that the even-n coefficients are subjects of LLog evaluation only, because they involve only the LLog coefficient of analytical in quark mass terms. At the same time, the odd coefficients involve the terms non-analytical in quark masses. These coefficients are really NLLog.. However, they can be obtained from a one-loop calculation as well, because they are subjects of the third line of (32).
One can see that the system (37-38) involves only the coefficients σ 0,n and σ 1,n , which are the coefficients of the zeroth and the first powers of (r · v) in the propagator diagrams. It is a reflection of the fact that according to (36) the quantity (r · v) 2 = δM 2 is of NLLog order. Therefore, the powers of ω can be eliminated from the equation S −1 = 0. The solution can be presented in the simple form
where Σ(r · v) = n Σ (n) (r · v) and Σ ′ is its derivative with respect to (r · v).
Expression for the physical mass
We have performed the calculation of the nucleon up to a fourth power of RG logarithms. We present the results in the form:
where L is defined in (19) . The coefficients up to k 11 are presented in Tab. 1. This corresponds to the four-loop calculation of LLog and five-loop calculation for the terms non-analytical in quark masses.
The presented results has been obtained via the different parametrizations of the Lagrangians (see sec.4), which gives a very strong check of calculation. Additionally, the coefficients up to k 6 agree with known results. The one-loop coefficients k 3,4 are well known, see e.g. [21] . The two-loop coefficient k 5 was first derived in [24] . The two-loop Table 1 : The coefficients k i defined in (40) of the LLog expansion of the nucleon mass.
coefficients k 6 and k 5 are known from the full two-loop calculation for the nucleon mass performed in the EOMS scheme [25] .
The generation of the higher order Lagrangians and the evaluation of one-loop betafunctions has been done automatically on the computer algebra system FORM [26] . The algorithm we used is similar to one used and described in [12, 13] . The main integral needed for evaluation of beta-functions is presented in the appendix. Although the calculation involves only one-loop diagrams, it is very demanding for the machine time and memory. The most demanding factor is the length of expression for the high order effective vertices and number of diagrams to compute. These quantities grow rapidly with the chiral order. For example, in order to calculate the k 10 coefficient one needs to evaluate nearly 10 4 one-loop diagrams.
The calculation of the even coefficients k can be significantly simplified by using the conjectures discussed below in Sect. 6.4. So, by neglecting higher powers of g A during the evaluation of the diagrams, we could also evaluate the five-loop coefficient k 12 . Adding the further conjecture about the relation with the LLog in the pion mass, we can obtain the six and seven-loop coefficients k 14 and k 16 . However, these coefficients are the result of conjectures and, therefore, are presented in Tab. 3, separately from the results of the full calculation.
Properties of the result and conjectures
The straightforward calculation limited by the computer powers gives us the coefficients k 1 , . . . , k 11 presented in Tab. 1. Considering the presented coefficients a number of regularities show up immediately. Some of the regularities we can explain easily, while some of them we cannot.
The first observation is that only even powers of g A show up. This can be easily understood. The meson Lagrangian and the nucleon Lagrangian are invariant under the transformation u ↔ u † and g A ↔ −g A . As a consequence only terms even in g A can appear in the nucleon mass. This explains the pattern occurring in the odd coefficients k 2n+1 .
The second observation is that the coefficients k 2n contains very particular combination of LECs. The pattern appears in k 2n is not well understood yet. Let us consider it in details.
As it is shown in Sec. 5 one can have at most one insertion of the order p
For the powers of g A , there are two sources for factors of g A in the loop diagrams, namely from the vertices L (0) (20) and from the vertices L (1) (22) (23) . While the number of vertices from L (1) is restricted to one, the number of vertices from L (0) is naturally unrestricted. Moreover, the expression for Σ contains all allowed powers of g A . These powers cancels within the solution (39). We have checked that if one introduces new LECs for the terms proportional to g A in L
(1) (say coefficients B 1,2 in front of the first two terms in (23)) the coefficients k 2n would contain higher powers of g A . These induced higher powers are proportional to (B 1 − B 2 ) and disappear when B 1 = B 2 . Since these operators appear in the L (1) as the compensation of the non-relativistic nucleon reference frame, we conclude that absence of higher powers of g A in coefficients k 2n is a consequence of Lorentz invariance.
Supposing that the cancelation of the higher powers of g A takes a place at all orders, one can neglect these powers during the computation of diagrams. This procedure significantly reduces the demands for computer time and allows us to calculate the coefficient k 12 , which is presented in Tab. 3.
Considering the equation (37) one can see that the coefficients k 2n consist from the terms proportional to exactly the first power of σ 0,k where k is even. We remind that σ 0,even are the result of diagrams with even chiral order and hence proportional to a single vertex from L
(1) (which is also checked by explicit calculation with coefficients B 1,2 ). Therefore, the term g 2 A which appears in the coefficients k 2n resulted solely from L (1) . In its own turn, it implies that there is no contribution from the diagrams with vertices proportional to g A only from L (0) . All such vertices have an odd number of pions. Absence of such vertices implies that diagrams with more than two odd-number-of-pion vertices do not contribute to the LLog coefficient of nucleon mass. Undoubtedly such a structure is consequence of the resubtraction of infrared (heavy mass) singularities within the heavy baryon theory, but we have not been able to prove this.
Considering the first six coefficients k 2n one can observe that they have the pattern
where b n are some rational numbers. The coefficients b n can be obtained from the calculation of the physical pion mass as we demonstrate below.
The nucleon mass LLog coefficient in terms of the physical pion mass m phys has the form
The coefficients r n of this expansion are presented in Tab. 2. Table 2 : The coefficients r of LLog expansion of the nucleon mass using the physical pion mass as defined in (42).
One can see that the non-analytical in quark mass terms r odd do not simplify in this form of expansion, while the expressions for the coefficient r even are significantly simplified. Moreover the combination of the LECs proportional to b n in (41) completely disappears from the higher order terms. We conclude that the coefficients b n are the coefficients of the LLog expansion of m 4 in the terms of physical pion mass. Thus, assuming that the pattern (41) holds for all orders we conjecture the LLog part of the expression for the nucleon bare mass via the physical masses 8 at all orders to be
The expression for the physical pion mass is known up to 6-loop order, Eq. (18), therefore, we can guess two more LLog coefficients for the physical nucleon mass. These are presented in the table 3 and indicated the double-star marks. 
Numerical results
As mentioned in the introduction, the LLog are not necessarily dominant. They do however give an indication of the size of corrections to be expected. We use here one set of inputs to show an example. The input we use uses the c i as determined in [21] and reasonable values for the other quantities. The actual values we use are:
We plot in Fig. 2 the total correction M phys − M of (40) by loop order. We have included the results up to the k 12 term since we do not have the odd powers higher than five loops. As can be seen there is a reasonable convergence for the range given.
8 This expression should be understood as not rewriting the term k 2 m 2 /M in the physical pion mass and the integral over µ 2 should be done after applying (18) Figure 2: The contribution of the terms in mass correction of (40) with the terms included up to a given loop-order.
To see the convergence better, we have plotted in Fig.3 the absolute value of the individual terms containing k i of (40) for m = 138 MeV. Note the excellent convergence. 
Conclusions
In the paper we have presentd the application of renormalization group method for nucleonpion chiral perturbation theory. The theoretical basis of the method were developed in [5] . The method has been applied only for bosonic theories, see [7, 10, 12, 13, 14, 15] . In particular, we have calculated the physical mass of the nucleon within the heavy baryon formulation in the LLog approximation (analytical and non-analytical in quark mass terms) up to five-loop order. The results of the calculation are presented in (40, 42) and tables 1, 2.
The theories with fermions (or more precise, the theories involving Lagrangians of odd chiral order) have a more involved structure of RG equations. In contrast to the bosonic theories, where all one-loop beta functions contribute to LLog coefficients, in theories with fermions some one-loop beta functions do not contribute to the LLog coefficients. For resolving the RG hierarchy, we have introduced the concept of renormalization group order (RGO), see Sec. 2.2. Using the RGO allows us to extract the diagrams which contribute to the LLog approximation (or any other order of RG logarithms).
The calculation of the necessary one-loop beta-functions has been performed symbolically with the help of FORM computer symbolic computation system. The results of our calculation agree with known one-and two-loop results, see e.g. [25] . The calculations were performed in several different parametrizations of the nucleon and pion fields with the same result, providing a very strong check for the computation algorithm. The analytical part of the computation, namely the expression for a basis one-loop-integral in the heavy baryon theory, is presented in the appendix.
The obtained LLog coefficients show a number of regularities. Some of which can be easily understood, while the rest is more involved. The most intriguing regularity is the absence of higher powers of axial coupling constant g A in the LLog coefficients k 2n (see (40) and table 1). Moreover, the pattern of the LLog coefficients allows us to guess the all-order expression for the LLog contribution to the nucleon mass in terms of physical pion mass (43). Although the later is only a conjecture, we consider it as an exact result, most likely a consequence of the resubtraction of heavy-mass-singularities and Lorentz invariance.
We also showed some numerical results in Sect. 6.5.
A Loop integrals
The most resource demanding part of LLog evaluation is the calculation of the one-loop diagrams with generally a large number of external fields. Also at high chiral orders the loop-integrals involves a large number of open indices. In general in heavy baryon theory one faces the loop-integral of the very general form
where N N is the number of vertices with nucleon, and N π is the number of pure pionic vertices involved in the diagram. The first step of evaluation of such loop-integral is the joining of propagators of the same type into the single propagator with the help of Feynman variables, x i for the nucleon propgators, y i for the meson propagators. The subsequent shift of integration momentum allows one to remove the momenta p i from the denominators (leaving them in the "mass"). The cost is a significant growth of the numerator, which is, however, a purely algebraic problem. The resulting sum integrals consist of simpler base integrals, the expressions for which we present below. Finally, the integrals over the Feynman parameters are done. 
The second series of poles appears at z = 0. Therefore, these poles are artifacts of the small-mass expansion. The first series represents the UV-poles we want. Expanding the integral around these poles, we obtaiñ
